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LETTER TO THE EDITOR 

A super extension of WKI integrable systems 

S Erbayt and 0 OgustO 
t TUBITAK, Research Institute for Basic Sciences, PO Box 74, Gebze, Kocaeli, Turkey 
$ International Centre for Theoretical Physics, Trieste, Italy 

Received 6 August 1985 

Abstract. A super extension of W K I  integrable systems proposed using a super-sl(2, R )  
valued soliton connection 1-form. Classes of super-integrable nonlinear evolution equations 
are found. 

The super integrable systems in general and the super extension of the standard 
integrable systems in two-dimensional spacetime have been recently investigated 
including the following cases: supersymmetric sine-Gordon system (Girardello and 
Sciuto 1978), supersymmetric Liouville model (Chaichian and Kulish 1978), supersym- 
metric w models (D’Auria and Sciuto 1980), supersymmetric Toda lattices (Ol’shanetsky 
1983), a super extension of Kdv system (Kupershmidt 1984a, b), super integrable 
systems of Lax type (Kupershmidt 1984c) and supersymmetric KP hierarchy (Manin 
and Radul 1985). 

Very recently, a super extension of the AKNS scheme has been proposed which 
exploits a super-sl(2, R )  algebra valued soliton connection 1-form and a class of super 
integrable nonlinear evolution equations is obtained containing the super extension 
of nonlinear Schrodinger equation (Gurses and Oguz 1985a). Furthermore, by introduc- 
ing an internal symmetry, an O( N )  extended super AKNS scheme is constructed (Gurses 
and Oguz 1985b). 

In this work we study the super extension of the integrable systems given by Wadati, 
Konno and Ichikawa ( W K I )  (1979a, 1979b). With this aim we first introduce a super 
soliton connection 1-form 

where e, ( i  = 0, 1,2) are bosonic and qa ( a  = 1,2) are fermionic generators of super- 
sl(2, R )  algebra (Gurses and Oguz 1985a). Following the method of W K I  (1979b) we 
parametrise 1-forms, Bi and ra, as follows 

eo = A( t ,  x, A )  d t  - i A  dx T ,  = (Y ( t ,  x, A )  d t  + h p  ( t ,  x)  dx 

8 ,=C( t ,x ,A)d t+Ar ( t , x )dx  T ,=p( t , x ,A)d t+A&( t ,x )dx  

e ,=B( t ,x ,h )d t+Aq( t ,x )dx  
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where A is a constant spectral parameter, A, B, C ( a ,  p )  are bosonic (fermionic) super 
functions and q, r ( p ,  E )  are bosonic (fermionic) super potential as in the case of the 
super AKNS scheme. 

Then the linear eigenvalue equations and the time evolution equations can be 
written in a unified form 

dVr+RV'=O ( 2 )  

where d is an exterior derivative and the Jost function Vr is V"= ( i , !Jl ,  i,!J2, 4 )  with the 
commuting functions +,, i,!J2 and the anticommuting function 4. The integrability of 
( 2 )  leads to the vanishing curvature 2-form 

dO+R A = 0 (3)  
where A is an exterior product. Namely, R is a flat connection. The representation 
of (3) in terms of superfunctions and potentials is given by 

(4a) 

(46) 

(4c) 

(4d) 

(4e) 

These equations yield classes of super integrable nonlinear partial differential equations 
( NLPDE) by substituting the positive power series of the spectral parameter A, 

A, + A (  rB - qC + p p  - a & )  = 0 

B, + A ( -4,  + 2i B + 2Aq + 2 ~ p )  = 0 

C, + A ( - r, - 2i C - 2 A r  - 2pa  ) = 0 

a, + A ( -p ,  - i a  - AP - CE + rp) = 0 

px + A ( - & ,  + ip  + AE - BP + qa)  = 0. 

N N N 

A =  anA", B =  b,A", C = c,An, 
n = O  n =o n = O  

N N 

a = an/\", P =  2 PnA", 
n = O  n =O 

into (4) and by comparing the coefficients of A".  

equations are obtained: 
As a first example, let us consider N = 2 .  Hence the following nonlinear evolution 

P +"( 1 - r q  ( 1 - r q ) ' l 2  ),],-iH0( ( 1 - r q ) 3 / 2  ) x' 

P 

1 - rq ( 1  - rq)1'2 ) , + 2( 1 - r q ) 3 / 2  

-""( 1 - rq ( 1  - r q ) ' / 2  ),],+iH,,( ( 1  - r q y  ) x' 

E,=-H~{'[( E 

X 



Letter to the Editor L97 1 

P I  = 

where Ho is a commuting constant. Equations ( 5 a ) - ( 5 d )  are the superextension of 
the first type integrable NLPDE of WKI (1979b). The special choices are as follows. 

( i )  The first type WKI  coupled NLPDE: E = /? = 0, Ho = 2i. 
(ii) Taking r = k,q,  P = k2F, Ho= 2i, ki =real constants (Ci = k i )  where a bar sign 

denotes Berezin adjoint operation (Berezin 1966) we obtain 

with k ,  = k i .  
(iii) Taking r = k ,q* ,  P = k , ~ * ,  Ho= 2i, k ,  = real constant ( k f  = k , )  and k ,  = 

complex constant ( k f  = - k 2 )  we obtain the above equations ( 6 ) ,  where Berezin adjoint 
operation is replaced by * complex conjugation operation and consequently with the 
constraint k ,  = I k2I2. 

In the case of N = 3 the following super integrable NLPDES arise from (4) 

2E 

Q:+- 1 +- 
1 - rq 
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where KO is a commuting constant and 
e re 

Q ‘ = (  (1 -. rq)’12 ) + (1 - Ex rq)3’2’ Q 2 = (  (1 - rq)3’2 ) + (1 - rq)3/2’ 

SP 4 P x  
Y’=( ) + 

Y1=( P X  ) + 
(1 - rq)3’2 (1 - rq)”” (1 - r9)3/2 (1 - rq)3/2’ 

Equations (7a)-(7d) are the super extension of the second type integrable equations 
of WKI  (1979b). As in the previous case we can list the following choices. 

( i )  The second type W K I  coupled NLPDE: e = P = 0, iK, = 4. 
(ii) Taking r = k,g, P = k2E, iKo=4 ,  k, =real constants ( E ,  = k,) (7) reduce to the 

following two nonlinear equations 
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( 8 b )  

where k, = ki and 

(iii) Another choice with r = k l q * ,  p = kZE*, iKo = 4, k,  = real constant (kT  = k , )  
and k,* = complex constant (k: = -k2) leads to the equations which have the same 
form as (8) with k,  = /k2I2 and the Berezin operation is replaced by * complex conju- 
gation. 

One may also obtain a super extension of the Harry Dym equation from (7)  
exploiting a suitable choice of the fields. It is also possible to extend these super 
integrable systems introducing an internal index to the fermionic generators, qh, 
(i = 1 , 2 ,  , . . , N ) .  Hence, in this way, one can increase the number of fermionic fields 
and obtain O( N )  extended super integrable systems as in the O( N )  extended super 
AKNS scheme (Gurses and Oguz 1985b). In this formulation the gauge transformation 
of the Jost function, 

= S q  

and of the connection 

R’= SOS - (dS)S-’ 

where 3 X 3  super matrix, S, depends on the spectra parameter A, corresponds to a 
Backlund transformation for the super NLPDE under consideration (Gurses 1984) when 
supplemented by the Zakharov-Shabat (1979) reduction procedure. 

We are grateful to M Gurses for many discussions and for his critical comments. One 
of us (60) would like to thank Professor Abdus Salam, the International Atomic 
Energy Agency and Unesco for their hospitality at the International Centre for Theoreti- 
cal Physics, Trieste and also the Scientific and Technical Research Council of Turkey 
for partial financial support. 
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